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The market model

We consider a market with two assets, a stock of a firm and a bank
account with interest rate r equal to zero for the sake of simplicity. The
trading is continuous in time over the period [0, 00) and it is order driven.
There is a release time T where the fundamental value of stock is revealed.
The fundamental value process is denoted by V. We shall denote the
market price of the stock at time t by P;. Just after the revelation time
the market price and the fundamental value will coincide.
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The market model

There are three kinds of traders. A large number of liquidity traders, who
trade for liquidity or hedging reasons, an informed trader or insider, who
has privileged information about the firm and can deduce the fundamental
price, and the market makers, who set the price and clear the market.

(University of Barcelona Second Internationa




The market model

Let X be the demand process of the informed trader. At time t, her
information is represented by the o-field H; and her flow of information is
represented by the filtration IH = (H;),~,. The informed trader, like any
other trader, observes the market prices P and, in addition, she has access
to some signal process 7 (cadlag) related to the firm value, also she knows
a random effect in the price impact p. Moreover, she will observe the
random time T.

- Ht = O’(Ps,i’]s, 1{T§s}1p510 <s< 1.').

The insider has access to the fundamental value and, in terms of the
insider’s information flow, this is assumed to be a [H-martingale
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The market model

Let Z be the aggregate demand process of the liquidity traders. They are
perceived as constituting noise in the market, thus also called noise traders.
We assume that Z is a continuous IH-martingale, independent of # and V.
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The market model

Market makers "clear” the market fixing the market prices. They rely on
the information given by the total aggregate demand Y := X + Z which
they observe, the random factor affecting the price impact, p, and they

observe the release time. Hence their information flow is: IF = (F;),~,.

where F; = U'(Ys, I{TSS},pS,O <s< t).
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The market model

Moreover we suppose that market prices follow a pricing rule of the form:
Py = H(t,¢,),t>0

involving
t
¢, ::/ A(s,pg, Ps)dYs,
0

where A € CH12 s a strictly positive function that we call it price impact
(also named market depth), H € C*?, and H(t,-) is strictly increasing for
every t > 0. Hence we have the following definition.

Definition

Denote the class of such pairs (H, A) above by §). An element of § is
called a pricing rule.
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Due to the competition among market makers, the market prices are
rational, or competitive, in the sense that

Pt:IE(Vt|ft), tZO

(University of Barcelona Second Internationa 9/33



The informed trader is assumed to be risk-neutral and she aims
maximizing her final wealth. Let W be the wealth process corresponding
to insider’s portfolio X.

Definition

A strategy X is called optimal with respect to a price process P if it
maximizes [E(W|H,).
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The equilibrium

Definition

Let (H,A) € $ and consider a strategy X. The triple (H, A, X) is an
equilibrium, if the price process P. := H(-,{.) is rational, given X, and the
strategy X is optimal, given (H, A).
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Insider’s wealth

To illustrate the relationship among the processes V, P, X, and W we first
consider a multi-period model where trades are made at times
i=1,2,...N, and where T = N is random. If at time / — 1, there is an
order of buying X; — Xj_1 shares, its cost will be P;(X; — Xj_1), so, there
is a change in the bank account given by —P;(X; — X;_1).Then the total
change is

N
— Y Pi(Xi — Xi—1),
i=1

and due to the convergence of the market and the fundamental prices just
after time T = N, there is the extra income: Xy Vjy. So, the total wealth
is

N
Wy = — ) Pi(Xi— Xi—1) + Xy Vi
i=1
N
= =Y Pia(Xi—Xio1) = Y _(Pi— Pic1)(Xi — Xi—1) + Xn Viy
i=1 i=1
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Consider now the continuous time setting where we have the processes
X, P, and V, and we take N trading periods, where N is random and the
trading times are: 0 < t; <t < ... < ty = 7, then we have

(Pt, Pfi—l)(Xfi - Xti—l) + XN VN,

M™M=

N
- Z Pti—l(Xti - Xti—l) -

Il
N

i

so if the time between trades goes to zero we will have formally
T
We = X Ve —/ Pe_dX; — [P, X+
- / Xo_ th+/ Ve_dX, + [V, X]z / Pr_dX: — [P, X

= /(th—Pt—>dXt+/ Xe—dVi + [V, X]: — [P, X]¢
0 0

(University of Barcelona Second Internationa 13 / 33



Insider’s optimal strategy

Insider’s strategy X is optimal if it maximizes

—E (/OT(Vt _H(t, @’t))dXtJr/OTXthtJr V. X]e — [P, X]e

Ho) ‘

over all admissible (H, A, X).
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That is those processes and price functions (H, A) € §) satisfying:

(ALl) X = My + Ar + fot 0.ds, for all t > 0,where M is a continuous
IH-martingale, A a finite variation H-predictable process with
Ar = Yows<t (Xs = Xs—), and 6 a cadlag H-adapted process

(A2)
E ((Jy 02H(s,2,))" + (H(s.2,))" + V2) (6% (s)ds + 0} (s)ds) ) <
oo, where 03,(s) := 7(:1[/\/35/\//}51

(A3) E ([ (92H(s. &) + H(s, &) + Vi) [65]ds) < oo

(A4) E ( 082H(s E. ) AXs]) < 00, AXs 1= Xy — X

(A5) E (fg (HH(T.)(Vim))® + 1 Z2 + X )V, VI ) < o0

(A6) E (fo )\ |822H( (:5)| ( (5) -+ |(TM'2(S)|))dS) < 0, where
UMZ( ) = ”ﬁf
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Results

In the following we assume T such that [E (fOT Xtht‘ 'Ho) = 0. Hence,

o).

Consider an admissible triple (H, A, X) then if (H, A, X) is an equilibrium
and prices are continuous, on [0, T|,
Ht> =

(1)

E (Wel Ho) = ([ (Ve = H(e £ )X+ [V, X P, X]e

Vi (620 = 34 ([ 3at (s, 8madXe+ e, 0. X

t AT

where

t t
77t = exp (/ agHa3)\dY5 — %/ (aZHa3/\>2 0’%(5)(‘15) '
0 0
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Consider an admissible triple (H, A, X) then if (H, A, X) is an equilibrium,
prices are continuous, T = T, and Vy — Py 20 on [0, T), then

(%) is an IF-martingale.
t/0<t<T

Theorem
Consider an admissible triple (H, A, X) then if (H, A, X) is an equilibrium,
prices are continuous, T has a density, P(T > t) > 0 and it is independent
of the other processes, then if Vi — P # 0 on [0, T) (w)po is an

t

[F-martingale.
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A proof for a particular case

Consider the case when A > K > 0, bounded and C? with bounded
derivatives and a function of the prices:

At - A(Pt)
Assume also that
Vt =V, dXt = tht, =T, dZt = UtdBt,

where B is an H-Brownian motion, ¢ bounded, and we assume a price
function of the form:

t
P, = Po+/0 A(PS)dYs,
Y =X+2 Xo=Yo=0. Let
.
Wi ::/ (V — P,)8dt
0

We want to maximize E ( W7 | Hy).
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Then if we take 95;8) = 0: + ¢B,,where B is H-adapted,

() T (e) !
W-,— — Wr ::/0 <_'Ds +Ps>95d5+£/0 (V_PS)IBst'

dE (wi?)) —113( /T 4P
N “Jo de

95d5+/0T(V— PS),BSds> |

de
=0 =
g (2)
And
dP / , dP dP
— [P dv, + / t —0
dE e=0 0 ( S) = d€ t=0
(3)
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The solution of (3) is given by

oo, [ A 2)pds *)

In fact

N
_ m(/ot <5)5

— FAN(P )dY + A(P)B,dt.

) + M(POB.de

s> N (P)dY: + A(P)B,dt
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Then plugging (4) into (2) we have

0.ds + /T(v _ Ps)ﬁsds>

(

_ ]E(—/()qu(/os/\s“>/3du>9ds+/ (V- P),Bds)
(
(

_OT)\P </ 17u9du>,3d5+/ (V- Pﬁds)
— P 77: (/ 17u9udu>},35ds>.
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dE(wy))

Then, by a usual argument — 43—+ = 0 implies that

Ht> :O

P T
t)]E (/ 1,0sds
t
And we have (1).
Now, since Z is an H-martingale,
V — P
0o = W=PJn ( / n.dY.|H

_ (V=Pyn, Pt (/ Tsap,| 1

V- P, —
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and we have that

T T T
Prvr_Prm:/ &dps+/ Psd(m>+[,3,q |
t t

AT A A A, M
s\ _ 1y, 1 1
d<As) - ”Sd<As>+Asd’7s+d[’7'A s
- Ag 1 AAZ=2(A)% A,
= MsyahedYs o, 3 Asosds
1
+/\75775/\,5dys
(AL)”
— A U?ﬂsds
TA A, — 2 (A)? A2
— _5—5 s )\5( :) aﬁqsds—(;s) o2ds
= o Alyolds (6)
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Then (K—Z) is absolutely continuous and therefore [P, 1] = 0.
Consequently

PT’7T Pfﬂt / s _7/ "y o2
po dPs PsAgn osds.

And plugging it in (5)

(V—Pr)m+ Py g (Prir
)Lt )Lt )\T

0=

1 T
Ht) - SE < / Py 0ds
t

")
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therefore

0 = vd <;7;> —dE <PT’7T

;
Ht> — %dlE (/ PAln o%ds
0

9

t AT
—l-%PsA;’;ysaﬁds.
By (6)
P
0 = —S(V-P)Ay0 sds—cuE<T’77 Ht>
2 At
1 T
—5 (/0 PsAly o2ds Hf> :
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SO

Pryr
ax (1!

.
Ht) _ —%dIE ( / Py o2ds
0

9

and 1
-5 (V= Ps)Aly.o?ds =0,

then if V — P; # 0 this implies that
A// — 0

and that (%) is a trivial martingale.
t
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Notice that, since prices are IF- martingales, A is also an IF- martingale.
Also from (6)

/\t -

an,
= aexp (/ A (Pg)dYs —f/ (A'(P Uﬁds)
2

= aexp (th — % ?ds)

= CPt+b,

a being a positive constant. We also have that, if ¢ # 0,

t c2 s P c2 gt
Pt—Po:a/ exp <CY5—/ Uf,du) dYs; = —exp <th—/ aﬁds)
0 2 Jo c 2 Jo
a

Then taking Pp = 2
2t
P; = Pyexp <th -5 ), ?ds) .

and b = 0 (Black-Scholes model). If ¢ = 0 then A; is constant and
P: = Py + bY4:, but then prices could be negative (Bachelier model).
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(Back-Baruch, 2004) If the horizon is random with T ~ exp(r), then (5)
becomes

oo V—P)nPlT>1t) ( ©n,P T>s)dp

At

S

and since

Pry+P(t>T) B Py P(T > t)

AT /\t
T T T
nP(t >s) nP(t >s) n(t>s)
_ /t | Psd< . P
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Mutas mutandis we have that

775P(T>5) _ E//2 L
d<)\s >— <2ASUS+A$ nP(t > s)ds

and

I
As
that is the Equation (1.21) in Back-Baruch (2004).

1
5/\’s’c‘fﬁ + 0.
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(Collin-Dufresne and Fos (2014))
If we take strategies X, s.t.

dX; = B,(V — P)dt

we have
dPt = )\tﬁt(V — Pt)dt—‘-/\to'z(t)dBtz

Where we assume that 0,(t) is a process independent of the other
processes, and where V' is also Gaussian. Let denote m; = E(V|F,)), if
we apply filtering results, we have

_ z‘t:Bt d _ (Ztﬁt>2
= %eo2(0) (dP: — A¢B,(my — Py)dt), azt = — 20t)

dmt

where X; is the filtering error. Now, we can recover the identity Py = m;
(rationality of prices condition), if and only if we impose £:8, = A;02(t) (
we take Py = my = E(V)) .
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So we have
— Ztﬁt
Co2(t)
and q (Z g )2
Ao o @S 20y
dt™ T a2(h) t0=(t)
We look for a solution of the form,
Xy
A =/ =
t G,

where (G;) has to be a process such that (%) is a martingale.
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Since
Gt
d}t = \/L dvG; — \C/det
= EVE g
- (aE o).

If we take (Equation 5 in Collin-Dufresne and Fos (2014))

\/?t:IE( tT ag(t)dt aﬁ(s),0§s§t>,

this is consistent with the condition that (%) is a martingale since

dv/G; +

()dtzdlE(/OTU()dt‘ (),0§s§t>:d/wt.

x/?t Ve
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